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ABSTRACT

Influence coefficients for the edge deformations

of tapered transition cylinders that are subjected to edge-

bending loads are given in this Report. The coefficients

are obtained by integrating the classical small-deflection

differential equations of equilibrium on a high-speed

computer.

The following parameters were investigated for

3:1 transitions: the ratio of the large-end wall thickness

of the tapered cylinder to its mean radius (ranging from

0.01 to 0.36), for ratio p of large-end wall thickness to

small-end wall thickness (ranging from 1.5 to 5.0). A table

of large- and small-end real arguments is included for

determining transitions different from 3:1.

I. INTRODUCTION

The use of transitions for connecting two shells of different wall thicknesses to minimize discontinu-

ity stresses at the junction of the shells has been recognized and is used in the design of pressure vessels.

The A.S.M.E. pressure vessel code specifies how and where these transitions are to be used for coded

vessels. The designer, when analyzing coded or non-coded pressure vessels requiring a detailed stress

analysis, must depend on code recommendations or attempt to approximate the effects of these tapered

cylinders as rings. This Report presents a method for obtaining the edge-bending loads at the discontinuity

junctions.
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qhe differential equations describing the behavior of cylindrical shells with linearly varying wall

thickness can be obtained from Ref. 1 and 2. However, to the author's knowledge, a solution of these equa-

tions in the usable form of tabulated influence coefficients has not been obtained. The differential equations

presented by Hetenyi (Ref. 1) and Timoshenko (Ref. 2) have been modified to solve for these coefficients for

a 3:1 transition and Poisson's ratio of 0.3. A method is presented for modifying the resultant influence

coefficients for other parameters.

In view of the desirability of tabulated coefficients, calculations were performed for a large number

of shells. The equations used in the analysis, the geometric characteristics of these various shells, and the

method used to obtain the influence coefficients are discussed in this Report. The large- and small-end real

arguments and the final coefficients are given in Tables 1 and 2. A method for determining the effect of

eccentric loading for uniform internal pressure has been presented.
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II. LOADING AND GEOMETRIC CHARACTERISTICS OF THE SHELLS INVESTIGATED

The free-body diagram of a typical pressure vessel configuration is shown in Fig. 1. The changes

in cross section introduce discontinuity stresses at junctions I and lI. The structures are identified for the

purpose of clarity as follows: structureQis a short or long cylindrical shell, or surface of revolution;

structure Q is a tapered shell; and structureQis a short or long cylindrical shell or surface of revolution.

In this analysis, positive radial displacements are considered radially outward from the centerline.

Positive rotations are considered counterclockwise. At the upper and lower ends of structure O, M0, Q0

and ML, QL are the axisymmetrical moments [in. (lb/in.)] and shears (lb/in.) respectively, and Y0' 80 and

YL' 9L are the displacements and angular rotations, respectively.

The ranges of the various parameters are as follows (see Fig. 1 for applicable notation):

t4
-- = 0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07, 0.08, 0.09, 0.10, 0.12, 0.14, 0.16, 0.18, 0.20, 0.22, 0.24, 0.26,

R3 0.28, 0.30, 0.32, 0.34 and 0.36

p _

t 4

t 2
1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5 and 5.0
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III. DETERMINATION OF INFLUENCE COEFFICIENTS

In the case of structure @, bent by edge moments and shears distributed along both edges, the

displacement and rotation at the upper edge due to a unit moment or shear at the lower edge must be consid-

ered. The classical differential equations of equilibrium for cylinders with linearly varying wall thickness

are adequately described in Ref. 1 and 2 and therefore are only partially derived in this Report. Equations

(1) through (8) inclusive are the modified forms of these equations.

From Fig. 2, for small angles,

t = O_X
x

The re for e

t 2 = c_x 0

and

t 4 = a(x 0 +/3 )

wh ere

12(1- u 2)
L4 _

a 2 R 2

and Z, Z' are the Schleicher functions of the real argument _. The prime denotes differentiation with

respect to the argument _.

1]ae radial displacement, rotation, moment, and shear at the upper end of structureQ (x = x 0) for

the real argument

Co = 2_/x0
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_VESSEL, _
P _

, R 3 -

!

Qo,Mo JUNCTION I_%

OL,M/_ JUNCTION 1"1"

t4

Fig. 1. Free-body diagram of a cylinder of linearly varying wall thickness

__ VESSEL

-- R 3

l i°o

Fig. 2. Nomenclature of a cylinder of linearly varying wall thickness
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are

KlY 0 = {C1Z{(_ 0)+ C2Zt_(s_o)+ C3Z:_(_ 0)+ C 4 Z,_(_O)} (1)

K3Vo "(C1 [foZ2(_o ) - 2Z{(f0)] - C2 [s_0Z1 (fo) + 2Z,_(s_o)]

+ C3 [_0 Z4(_0 ) - 2Z_(_0)] - c4 [_oZ3 (do) + 2z_, (go)] } (2)

Mo

EK 5

{ c 1 [_02 z:_(5 o) - 4 _oZ2 (_0) + 8 z; (G) ]

- c: [_-2 z; (do) - 4 _0 z_ (_0) - 8 z_. (_0) ]

+ c 3 [_o2 z_ (_0) - 4 fro z4(do) + 8 z;_ (_0)]

- c 4 [ 5 2 z:_ (_o) - 4 do z3 (_o)- 8z,_ (_o)3} (3)

Qo

EK 7

{C1 [_0 ZI(_0) 4-2 Z_ (_0)] + C 2 [_oZ2 (_0)- 2 Z{ (_0)]

+ C3 [ _0 Z3(_O) + 2 Z,_ (_0) ] + C4 [_oZ4(_O ) - 2 Zj (_0)] ) (4)

The radial displacement, rotation, moment, and shear at the lower end (x = x 0 + 13) for the real

argument

_:L = 2h-_/ x0+13

are

K2yz, = { C_Z{ (_L) + C2Z _ (_L) + C3 Z_ (SL) + C4 Z_ (_L)) (5)

K4t_L = {el ["_L Z2(S_L )- 2Z{ (_L)] -C 2 [_L ZI (_L)+ 2Z,_ (_L)]

+ C3 [_L Z4 (_L) - 2Zj (_L) ] - C 4 [_L Z3(#L) + 2 Z_ (gL) ] } (6)
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,_IL

.... { CI [_2• Z_ (dzI_•)-4 _L Z2 ((L) + 8 Z[ (_L)]

EK 6

C3 [ _2 , _. z_ ('_L -4 _L Z_ (_L) + 8 Z3 (_L)]

- C4 [_2 " , _ - ,-'L Z3 ('_'L - _ _L Z3 (_b)- 8 Z 4 (_L)] } (7)

QL

EK 8

+ 2 Z_ (_L)] + C 2 [#L Z2 (_L)- 2 Z_(_L)]

+ C 3 [_z L Z3(#L) + 2 Z_ (_L)] 4- C4 [_L Z4(_L)- 2 Z_ (_L)] } (8)

where K 1 .../(8 are defined as follows:

K 1 = (Xo)l/2 K 5 -

_3(x0)1/2

48 (I - _,2)

K 2 = (x 0 +/3 )1/2

K 3 = 2(x0)3/2

K 6 =

K 7 =

o_3(x 0 +/3 )1/2

48 (1 - u2)

ct3 }_2 (x0) 1/2

24(1 - u 2)

(9)

K 4 = 2(x 0 + /3 )3'/2 -K 8 =

ct 3 }t 2 (x 0 +/3 )1/2

24(1 - z_2)

For small angles ,ff

t x =
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For 3:1 transitions (i.e., a _ 1/3)

x 0 = 3t 2

and

(x 0 +/3 ) = 3 t 4

and substituting the above expressions in Eq. (9) we arrive at Eq. (10):

K 1 = 1.732 (t2)I/2 K 5 = 0.001469 (t2)1/2

K 2 = 1.732(t4)1/2 K 6 = 0.001469 (t4)1/2

0.02912 (t2) 1/2 i
K 3 = 6 (t2)3/2 K 7 = ?

R 3
r

K 4 = 6 (t4)3/2 K 8 = -
0.02912 (t4) l/2

R 3

(10)

The solutions of YO' YL and 6)0, 6_L in terms of QO' QL and MO, ML are obtained by solving for the

constants of integration in Eq. (1) through (8) and arranging the results into the following form:

E

K1 Y0

K 3 0 o

K2 YL

-K4 _L

b 1 b2 b 3 b4

b5 b6 b7 b8

b9 blo bll b12

b13 bl 4 b15 b16

where b 1 ... b16 are the influence coefficients obtained from Table 2.

Qo

K 7

M0

K 5

QL

K 8

ML

K 6

(11)
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IV. RADIAL DISPLACEMENT AND ROTATION DUE TO INTERNAL PRESSURE LOADING

Since structure Qis considered as a tapered beam on elastic supports, it must satisfy the following

differential equation:

dx2d2 (iF d2Y_dx2
I +k

_] Y = q
(12)

For a tapered cylinder with a moment of inertia

/(per unit width)

tx 3

12 (1 - zj2)

and a modulus of foundation

E tx
k -

Rx 2

loaded by internal pressure

q=p

and a variable wall thickness

t = CL.%'
X

substitution of the above into Eq. (12) results in Eq. (13).

d2 Ix3 __..]d2y1 + 12(1-z"2)R2dx 2 dx21 a2
xy = q

12(l - v2) 1 (13)
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The particular integral of Eq. (13) results in the displacement

xp

Yx =
E cLx

and the rotation

R2p (1-2)
ey

x

dx E a x 2

The change of slope dy/dx is of higher order effect and is considered negligible (i.e., dy/dx = 0).

At the upper end of structure G

x = x 0

Therefore

Y0 =

E ctx o

and

E_ 0 = 0

At the lower end of structure Q

x = (x 0 +/3 )

The re fore

YL

l.v

E ct (x 0 +/3 )

10
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and

E_9 L = 0

For a = 1,/3

x 0 = 3t 2

(x 0 + 13 ) = 3 t 4

Ey o

EY L

t 2

t 4

; EO o

; E _?L

= 0

= 0

(14)

and the final form of Eq. (11) under internal pressure loading is

Ey 0 = +

blQ 0 b2Mo b3Q L b4ML
------ + + +

K1K 7 K1K5 K1K8 K1K6

EO 0 = + --

bsQo b6Mo b7QL b8ML
+ + -- +

K3K 7 K3K5 K3K8 K3K6

EY L = +

b9Qo bl0M0 bll QL bl2ML
+ ----- + +

K2K 7 K2K5 K2K8 K2K6

-EO L = +

bl3Q 0 bl4Mo bl5QL bl6ML
------ + + +

K4K 7 K4K5 K4K8 K4K6

t 2

+ 0

.... +

t 4

w- + 0

(15)

11
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Table 1. Table of real arguments EL, Co, for determining b 1 .... b16 (Table 2)

t4

R 3

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.10

0.12

0.14

0.16

0.18

0.20

0.22

0.24

0.26

0.28

0.30

0.32

0.34

0.36

1.09

1.54

1.89

2.18

2.44

2.67

2.88

3.08

3.27

3.44

3.77

4.08

4.36

4.62

4.87

5.11

5.34

5.55

5.76

5.96

6.16

6.35

6.53

p= 1.5

0.89

1.26

1.54

1.78

1.99

2.18

2.35

2.52

2.67

2.81

3.O8

3.33

3.56

3.77

3.98

4.17

4.36

4.53

4.70

4.87

5.03

5.18

5.34

p = 2.0

0.77

1.09

1.33

1.54

1.72

1.89

2.04

2.18

2.31

2.44

2.67

2.88

3.08

3.27

3.44

3.61

3.77

3.93

4.08

4.22

4.36

4.49

4.62

p= 2.5

sO

0.69

0.97

1.14

1.38

1.54

1.69

1.82

1.98

2.07

2.18

2.39

2.58

2.76

2.92

3.08

3.23

3.37

3.51

3.62

3.77

3.90

4.02

4.13

p= 3.0

0.63

0.89

1.09

1.26

1.41

1.54

1.66

1.78

1.89

1.99

2.18

2.35

2.52

2.67

2.81

2.95

3.08

3.21

3.33

3.44

3.56

3.67

3.77

p= 3.5

0.59

0.82

1.01

1.15

1.30

1.42

1.54

1.65

1.75

1.84

2.02

2.18

2.33

2.47

2.60

2.72

2.85

2.97

3.08

3.19

3.29

3.39

3.50

p= 4.0

0.54

0.77

0.94

1.09

1.22

1.33

1.44

1.54

1.63

1.72

1.89

2.04

2.18

2.31

2.44

2.55

2.67

2.78

2.88

2.98

3.08

3.17

3.27

p- 4.5

0.51

0.72

0.89

1.03

1.15

1.26

1.36

1.45

1.54

1.62

1.78

1.92

2.05

2.18

2.30

2.41

2.52

2.62

2.72

2.81

2.90

2.99

3.08

p = 5.0

0.49

0.69

0.84

0.97

1.09

1.19

1.29

1.38

1.46

1.54

1.69

1.82

1.95

2.07

2.18

2.29

2.39

2.48

2.58

2.67

2.76

2.84

2.92

12
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NOMENCLATURE

C

E

I r

K 1 ... K 8

M

N

Q

R

R
a

R
r

Z

Z'

k

l

P

t

Y

b 1 ... b16

x 1, x 2

a

0

4 4

constants of integration

modulus of elasticity

moment of inertia of ring

shape coefficients for tapered shell

axisymmetrie moment

normal force

axisymmetri c shear

radius of shell

radius to center of pressure

radius to centroid of tapered ring

Schleicher function

first derivative of Schleicher function

modulus of foundation

length

pressure

thickness of shell

radial deflection

influence coefficients for tapered shell

distance from centroid of tapered ring to discontinuity junction

included angle of taper

rotation

12(1 - v 2)

ca2 R 2

Poisson's ratio

upper- and lower-end real arguments for Schleicher functions

21
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APPENDIX

The solution (Ref. 3) of a cylinder of linearly varying wall thickness having parameters and geometric

characteristics different frf_m z_ := 0.3, ct = 1,,'3, and R 2 _ R 3 _ R 4 requires modification of the influence

coefficients and the radial displacements and rotations due to internal pressure. Figures A-1 and A-2 are

free-body diagrams of a typical pressure vessel, where R 2 # R 3 # R 4.
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CC VESSEL

NO= p R2 _Q0, M0, N0
2

I;._o_,',t

NL: O-_- ..--------_ OL,M_,NL

Fig. A-I. Free-body diagram of a transition R 4 greater than R 2
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¢. VESSEL

P __

,Vo:p R22

i2

Oo,%, A'o

P(t4- t2) I/-_"l--I--_T

-- R.---_/_I__ ,

--R, _ t4

Fig. A-2. Free-body diagram of a transition R 4 tess than R 2
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I. RADIAL DISPLACEMENT AND ROTATION DUE TO INTERNAL PRESSURE LOADING

From Eq. (14) (geometry of Fig. 1)

and

Ey 0 =

t 2

Ey L

t 4

The increments of slopes produced by unequal displacements at the edges of structure G of length

l 3 (Fig. A-1 and A-2) are

E8 0 : EOL - [Y0-Yt,] (A-l)
13

The total twisting moment (Mt) per unit length or circumference due to internal pressure about the

centroidal axis of structure Q from Fig. A-1 is

2wR rMt 3 = - 277p [R2N 0 (R r-R 2)+ R 4N L (R 4- Rr)]

from Fig. A-2:

2=_ R r Mt 3 = 2"rrp [R 2 N O (R 2- R r) + R 4N O (R r- R 4) + R a (t 4- t 2) (R r - Ra)]

or
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]it 3
p R22 (R r R2)+ (R 4 R r

R r 2 2

Mt 3 = .- (R 2- R r) + (R r

R r 2

- R 4) + R a (t 4- t 2)(R r- Ra) 1

(A-2)

The radial displacement due to the twisting moment Mt 3 is

Mt3 R2r Xl Mt3 R2r x2

Ey ° .... ; Ey L = ...... (A-3)

I r lr

The rotation due to the twisting moment Mt 3 is

Mt 3 R 2 Mt 3 R 2
, r r (A-4)

E _?0 - ; E _L -

1r lr

is

The total radial displacement due to pressure at the upper and lower ends of structure Q (Fig. A-l)

EYo = + r (R r _ R2 xl + (R 4 _ Rr

t 2 Ir lr

EY L

pR2

t 4 lr
t p R r

(R r - R 2 x 2 -

I r

x 1

x 2

The total rotation due to pressure at the upper and lower ends of structure Q (Fig. A-I) is

(A- 5)

E(_ 0

pR r pR r P (1-2) R_

= EO L = - -- (R r-R 2 (R4-Rr) -

I r lr 13 t 2 t 4/J

(A-6)
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is

The total radial displacement due to pressure at the upper and lower ends of structure Q_(Fig. A-2)

Ey 0 =

Ey L -

..... PRr
P R r (R r - R 4

lr I r

t 4

pRI2
Ir

(R r - R4 t

x 1 .... IRa (t4- t 2)(R r- Ra)1 Xl

x2 + -- a (t4 - t2)(Rr- Ra

1r

x 2

(A-7)

The total rotation due to pressure at the upper and lower ends of structure Q (Fig. A-2) is

EO o = EO L - (R 2-R + (R 4-R r

Ir I r

a (t4- t2)(Rr- Ra 4-

lr 13 L t4 t2

(A-8)
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II. MODIFICATION OF THE INFLUENCE COEFFICIENTS FOR POISSON'S

RATIO DIFFERENT FROM 0.30 AND a DIFFERENT FROM I/3

It is evident that an exact solution for the modified influence coefficients requires the evaluation of

the actual upper and lower real arguments, _:0 and _:L' substitution of these arguments into Eq. (1) through

(8), then computation of b 1 ... b16.

However, a solution for the influence coefficients may be closely approximated by evaluating the

actual arguments

and

_:0 = 2)k (x0)l/2

_:L = 2)_ (x 0+13 )1/2

for the modified geometric configuration, and by the use of Table 1, determining the nearest t4/R 3 and

/9 = t4/t 2 relationship.

The influence coefficients b 1 ... b16 may then be obtained from Table 2. The shape coefficients

k 1 ... k 8 are obtained by evaluating Eq. (9), and the displacements and rotations by Eq. (11).
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